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ABSTRACT

In this paper, we introduce EMD-Based Hyperbolic Diffusion Dis-
tance (EMD-HDD), a new method for constructing a meaningful
distance metric for hierarchical data with latent hierarchical struc-
ture. Our method relies on hyperbolic geometry, diffusion geometry,
and the Earth Mover’s Distance (EMD). Specifically, our method
embeds data points into a product manifold of hyperbolic spaces,
allowing us to recover the hidden hierarchical structure encoded by
the mutual relationships between features. We demonstrate the ef-
fectiveness of EMD-HDD through experiments on five hyperspectral
imaging datasets, showcasing its capability to capture and reveal the
intrinsic hierarchical structures inherent in such data.

Index Terms— Hyperbolic geometry, Earth Mover’s Distance,
Manifold Learning, Hyperspectral Imaging

1. INTRODUCTION

Hierarchical high-dimensional data is prevalent in various fields.
For example, gene expression profiles exhibit hierarchical structures
formed by interactions among genes [1]. Similarly, in natural lan-
guage processing, words, sentences, or documents form hierarchical
structures based on linguistic categories and subcategories [2]. In
social network analysis, user interactions create hierarchical rela-
tions that influence behavior and information spread [3]. Despite
its prevalence, finding a meaningful hierarchical distance for such
data presents two key challenges. First, the hierarchical structure
of data is often hidden. Second, this intrinsic hierarchical structure
usually depends on the mutual relationships between the features,
which need to be inferred and incorporated into the development of
a meaningful hierarchical distance.

Recently, hyperbolic geometry has emerged as a powerful tool
for hierarchical representation learning due to its exponential growth
property [4]. It has been effectively utilized across a wide range of
fields, e.g., natural language processing [5], social networks [6], and
bioinformatics [7–9]. Typically, methods utilizing hyperbolic geom-
etry aim to find hyperbolic embedding and distance of data based on
a known hierarchical graph structure [10]. However, the problem we
address here differs fundamentally: we focus on finding a distance
for hierarchical data based only on the sample and feature mutual
relationships without explicitly known structures.

In this paper, we present a new hierarchical distance recovery
method for this purpose. Our method builds on diffusion geome-
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try [11], a manifold learning technique for capturing the geomet-
ric manifold structure underlying high-dimensional data, and Earth
Mover’s Distance (EMD), which inherently incorporates the mutual
relationships between features to establish a meaningful distance be-
tween data [12]. Specifically, we construct a diffusion operator based
on the EMD to learn the geometry of the data while incorporating
feature mutual relations. Then, by using the EMD-based diffusion
operator, we embed the data in a product manifold of hyperbolic
spaces [13] based on a multi-scale diffusion process. This embed-
ding recovers the latent hierarchical structure underlying the data,
and consequently, it induces a meaningful hierarchical distance [14].
We term this new distance EMD-based Hyperbolic Diffusion Dis-
tance (EMD-HDD).

We show application to hyperspectral imaging (HSI) analysis,
an area where capturing pixel hierarchy across spectral bands is crit-
ically important [15, 16]. Our method is particularly suited to HSI
data, with its inherent high dimensionality and the dominant mutual
relationships among spectral bands. This type of data is widely used
across various fields, including agriculture and healthcare, where
effective analysis can lead to significant advancements [17]. Our
experiments on several HSI datasets demonstrate that the proposed
EMD-HDD significantly improves classification performance in HSI
tasks compared to existing methods. In addition, we conduct abla-
tion studies to explore the contributions of each component in our
method. We find that using other distance metrics like the Euclidean
distance, without accounting for feature (spectral band) relations, re-
sults in poor recovery of the hierarchical distances between HSI sam-
ples (pixels). Moreover, EMD alone does not effectively capture the
hierarchical structure underlying HSI data.

2. BACKGROUND

We briefly present the relevant background to our proposed method.

Diffusion Geometry. Diffusion maps [11] is a manifold learning
method that captures the intrinsic low-dimensional manifold struc-
ture of high-dimensional data. It is based on analyzing similarity pat-
terns among data points, leading to an embedding that represents the
underlying manifold. The key to this method is a concept known as
diffusion geometry, which revolves around the construction of ran-
dom walks (or “diffusions”) on weighted graphs that are built from
the data. Below we present a brief overview of diffusion geometry.

Consider a set of high-dimensional data points X = {xi}Ni=1,
assumed to lie on a low-dimensional manifoldM embedded in the
ambient space Rm. The affinity matrix M ∈ RN×N is constructed
by M(i, j) = exp(−d2(i, j)/ϵ), where d(i, j) represents a suitable
distance between data points xi and xj , and ϵ is a scaling parameter,
which is typically set as the median distance between data points



multiplied by some constant. This affinity matrix M can be viewed
as the weight matrix of the edges of an undirected weighted graph
G = (X ,M), whose node set is the dataset X . The affinity matrix
is then normalized, generating the diffusion operator P by

P = MD−1, (1)
where D is a diagonal matrix whose diagonal elements are given
by D(i, i) =

∑
j M(i, j). It is important to note that the diffusion

operator P is a column-stochastic matrix, and therefore, it can be
interpreted as the transition matrix of a Markov chain on the graph.
The diffusion operator P can be utilized to propagate densities be-
tween the nodes on G. A vector p ∈ RN is considered as a density
on the graph G if p(i) ≥ 0 for all i ∈ [N ] and ∥p∥1 = 1. Then,
the vector pt

i = Ptδi is the propagated diffusion density after t > 0
diffusion time steps, where δi ∈ RN is the indicator vector of the
i-th node, initially concentrating the entire density at that node.

The diffusion operator was shown to have desirable convergence
properties [11]. Specifically, as the number of data points N → ∞
and the scaling parameter ϵ→ 0, the operator Pt/ϵ converges point-
wise to the Neumann heat kernel of the underlying manifold M.
That is, the diffusion operator serves as a discrete approximation of
the continuous heat kernel, which was shown to effectively capture
the geometric properties of the manifold [18].

Hyperbolic Geometry. Hyperbolic geometry is a non-Euclidean
Riemannian geometry characterized by constant negative curvature.
In our work, we consider the N -dimensional Poincaré half-space
model in hyperbolic geometry, where the curvature is fixed at −1
[19]. The N -dimensional Poincaré half-space is defined as HN =
{x ∈ RN |x(N) > 0}, with the Riemannian metric given by ds2 =
dx2(1)+...+dx2(N)

x2(N)
. This metric reflects the exponential growth prop-

erty inherent to hyperbolic space in the N -th coordinate. Given
x,y ∈ HN , the Riemannian distance is defined by

dHN (x,y) = 2 sinh−1

(
∥x− y∥2√
x(N)y(N)

)
, (2)

where ∥·∥2 is the Euclidean norm.

Earth Mover’s Distance. The earth mover’s distance (EMD), also
known as the Wasserstein distance of order 1, is a powerful tool
for computing a geometrically meaningful distance between discrete
probability distributions [20–22]. It has been demonstrated to be ef-
fective in various applications, including image retrieval [12], brain
imaging [23], and generative models [24].

Consider two discrete distributions µ1,µ2 ∈ Rn
+ s.t. ∥µ1∥1 =

∥µ2∥1 = 1, the transport plan Π(µ1,µ2) [21] is defined as

Π(µ1,µ2) = {γ ∈ Rn×n
+ |γ1n = µ1,γ

⊤1n = µ2}, (3)
where 1n = [1, . . . , 1] ∈ Rn. Given a ground pairwise distance
matrix C ∈ Rn×n between the n coordinates, the optimal transport
(OT) [20] problem seeks to optimize the transport plan Π(µ1,µ2)
that minimizes the cost of transporting µ1 to µ2 according to the
ground distance C. The EMD between the two discrete distributions
µ1,µ2 is then defined as

WC(µ1,µ2) = min
γ∈Π(µ1,µ2)

⟨C,γ⟩F , (4)

where ⟨·, ·⟩F is the Frobenius inner product.

3. PROPOSED METHOD

Consider a hyperspectral image represented as a three-dimensional
tensor S ∈ Rnx×ny×nb , where nx and ny are the spatial dimen-

sions, and nb is the number of spectral bands. Let si ∈ Rnb denote
the i-th pixel of the hyperspectral image S for i = 1, . . . , N =
nxny , and let S = {si}Ni=1 be the collection of all the pixels in
the image. In addition, let ql ∈ RN denote the l-th feature (spec-
tral band) of S for l = 1, . . . , nb, such that ql is a column vector
of the l-th frontal slice of the tensor S, and let Q = {ql}nb

l=1 be
the collection of all the features (spectral bands) of the image. We
assume that the pixels (i.e., samples) S = {si}Ni=1 lie in a latent
hierarchical metric space (T , dT ), where both the space T and the
hierarchical distance dT are not explicitly known and depend on the
mutual relations between the features Q = {ql}nb

l=1. Our goal is to
find embedding of the pixels {si}Ni=1 into an intrinsic representation
space such that the distance between the embedded pixels recovers
the hidden hierarchical distance dT .

3.1. Constructing a Diffusion Operator Using EMD

To capture the geometric structure underlying the pixels, we con-
struct a diffusion operator based on EMD. To this end, we first
normalize the pixels S = {si}Ni=1 into discrete histograms s̃i =
si/ ∥si∥1 ∈ Rnb for all i ∈ [N ]. In the context of the HSI dataset,
each pixel si corresponds to a vector of intensities across spectral
bands. Given that these pixel values are non-negative, they can
be naturally normalized to histograms, which is particularly useful
when the distribution of intensities across the spectral bands is more
important than the absolute values of the intensities. Indeed, HSI
data is usually normalized as part of a standard preprocessing [25].
With the normalized histograms {s̃i}Ni=1 at hand, we compute the
EMD between each pair of pixels by

WC(s̃i, s̃j) = min
γ∈Π(s̃i,s̃j)

⟨C,γ⟩F , ∀i, j ∈ [N ], (5)

where the ground distance C ∈ Rnb×nb is the Euclidean distance
between the features (i.e., spectral bands). Specifically, the Eu-
clidean distance between the features ql and qg is computed by
C(l, g) = ∥ql − qg∥2. For brevity, we organize these pairwise
EMDs into a matrix WC ∈ RN×N whose (i, j)-th element is
WC(i, j) := WC(s̃i, s̃j). Next, we construct a pairwise affinity
matrix using a Gaussian kernel with the EMD by

MEMD(i, j) = exp

(
−W2

C(i, j)

ϵ

)
, (6)

where ϵ is a tunable kernel scale parameter. Following Sec. 2, the
diffusion operator PEMD ∈ RN×N is then constructed by

PEMD = D̃−1MEMD, (7)

where D̃ is a diagonal matrix with the diagonal elements D̃(i, i) =∑
j MEMD(i, j).

We posit that the diffusion operator PEMD encodes the underly-
ing pixel structure by accounting for the spectral band relations, as
the EMD matrix WC maps the mutual relations between the features
to a geometrically meaningful distance between the pixels [22]. This
intuitive argument has the following theoretical support. When the
pairwise affinities are based on the Euclidean norm rather than the
squared EMD, it was shown that the finite diffusion operator Pt/ϵ

(see Sec. 2) converges to the Neumann heat kernel of the underlying
manifold [11]. Recently, [26] extended this result, demonstrating
that the limiting differential operator of a diffusion operator con-
structed using any norm, including the squared EMD as in our case,
also exhibits a similar convergence. Therefore, PEMD indeed repre-
sents the geometric manifold structures of the pixels.



3.2. Recovering the Hierarchical Structure

To recover the latent hierarchical structure underlying the pixels, we
use PEMD to construct an embedding of the pixels into a hyperbolic
space. Specifically, we use PEMD to generate a series of propagated
densities as follows: pk

i = P2−k

EMDδi, for each sample i ∈ [N ] and
for diffusion time steps t = 2−k on a dyadic grid, with k ∈ Z+

0 ,
following [14]. Subsequently, we compute the element-wise square
root of these densities, denoted by ψk

i =
√

pk
i . Although diffusion

geometry is typically useful for recovering hidden manifold struc-
tures [11], focusing specifically on the propagated densities at ex-
ponentially growing diffusion times on a dyadic grid enables us to
capture hidden tree-like hierarchical relationships. This approach ef-
fectively integrates local information from neighborhoods that grow
exponentially around each point, a technique shown to be particu-
larly effective for revealing the underlying tree-like structure [14],
as the number of nodes in a tree tends to grow exponentially from
the root to the leaves.

Then, we embed every pixel i ∈ [N ] into a Poincaré half-space
HN+1 according to i 7→ x̂k

i = [(ψk
i )

⊤, 2
k
2
−2]⊤ ∈ HN+1 by con-

catenating the vector ψk
i with a scalar 2

k
2
−2. Using Poincaré half-

space model for embedding such vectors is natural due to the expo-
nential growth of the metric at the last ((N + 1)-th) coordinate.

To account for multiple diffusion time scales simultaneously, we
construct a hyperbolic diffusion embedding (HDE) for each pixel
i ∈ [N ], represented as [(x̂0

i )
⊤, . . . , (x̂K

i )⊤]⊤ ∈ H, where K ∈ Z+
0

denotes the maximal scale andH = HN+1× . . .×HN+1 represents
the product manifold of K + 1 Poincaré half-space models.

Finally, we introduce the EMD-based hyperbolic diffusion dis-
tance (EMD-HDD), a hierarchical distance between the embedded
points in the product manifold H. The EMD-HDD is computed us-
ing the ℓ1 distance across the product manifold and is defined by

H(i, j) =

K∑
k=0

2 sinh−1
(
2−

k
2
+1
∥∥∥x̂k

i − x̂k
j

∥∥∥
2

)
, ∀i, j ∈ [N ], (8)

where the function sinh−1 arises from the Riemannian distance in
the hyperbolic space HN+1 in Eq. (2) at each scale. We summarize
the proposed EMD-HDD in Alg. 1.

The theoretical foundation of our method stems from the follow-
ing results. In [14], it was shown that the ℓ1 distance induced by the
metric of the product of hyperbolic spaces as in Eq. (8) is equivalent
to the hidden distance of the hidden hierarchical space underlying the
samples (i.e., pixels in our case). In addition, the diffusion operator
PEMD can be viewed as a discrete approximation of the heat kernel
on the manifold underlying the pixels (See Sec. 3.1). Therefore, we
postulate that the hyperbolic embeddingH of the pixels constructed
based on the diffusion operator PEMD with EMD captures the latent
hierarchical structure of the pixels. Specifically, the ℓ1 distance in
H, induced by the metric of the product of hyperbolic models, ap-
proximates the hidden hierarchical distance dT . In addition, using
the EMD in the construction of the diffusion operator PEMD rather
than the Euclidean distance enables us to naturally incorporate the
mutual relations between the spectral bands, which are assumed to
embody critical information on the structure of the pixels.

4. EXPERIMENTAL RESULTS

We demonstrate the advantages of the proposed EMD-HDD in hy-
perspectral imaging classification tasks. Our method is evaluated on
five HSI datasets, including: (i) the Kennedy Space Center (KSC)
dataset [27], with image dimensions of 512 × 614 and 176 spectral

Algorithm 1 EMD-based Hyperbolic Diffusion Distance

Input: The HSI dataset S = {si}Ni=1

Parameters: Maximal scale K ∈ [20] and diffusion scale ϵ = 2
Output: The EMD-HDD H ∈ RN×N

for i ∈ [N ] do
s̃i ← si/ ∥si∥1

end for
Compute C as the Euclidean distance between the spectral bands
for i, j ∈ [N ] do

WC(i, j)← min
γ∈Π(s̃i,s̃j)

⟨C,γ⟩F // Eq. (5)

MEMD(i, j)← exp
(
−W2

C(i,j)

ϵ

)
// Eq. (6)

end for
PEMD ← D̃−1MEMD // Eq. (7)
UΛV⊤ = eig(PEMD)
while k ≤ K do

X̂k ←
[√

(UΛ2−kV⊤)⊤, 2
k
2
−21N

]⊤
k ← k + 1

end while
for i, j ∈ [N ] do

H(i, j)←
K∑

k=0

2 sinh−1
(
2−

k
2
+1
∥∥x̂k

i − x̂k
j

∥∥
2

)
// Eq. (8)

end for

bands, where pixels are categorized into 13 classes, (ii) the Pavia
University (PaviaU) dataset [28], featuring images with dimensions
of 610 × 340 and 103 spectral bands, with pixels belonging to nine
classes, (iii) the Pavia Centre (PaviaC) dataset [28], consisting of
images with dimensions of 1096 × 715 and 102 spectral bands,
where pixels are classified into nine classes, (iv) the Greding Vil-
lage1 (Greding) dataset [29], comprising images of size 670 × 606
with 126 spectral bands, where pixels are divided into five classes,
and (v) the Botswana dataset [30], including images of size 1476×
256 with 145 spectral bands, where pixels are associated with 14
classes. Two standard pre-processing steps were applied to HSI
datasets: (i) the min-max standardization, and (ii) dividing the im-
ages into patches of size Q×Q centered at each pixel si. The ground
truth for each patch was established based on a majority vote by as-
signing the most common label among the patch’s pixels.

We compare EMD-HDD in Alg. 1 with five hierarchical em-
bedding methods: (i) the tree representation (TR) [31], (ii) the
Poincaré embedding (PE) [5], (iii) a PyTorch (PT) implementation
of an SGD-based algorithm optimized over a principal geodesic
analysis loss function [10], (iv) the hyperbolic multi-dimensional
scaling (hMDS), and (v) the hyperbolic embedding obtained by
the hyperbolic hierarchical clustering (HHC) [32]. Following the
experimental protocol described in [10], we evaluate the PE, hMDS,
and PT methods across embedding spaces of dimensions 2, 5, 10,
50, 100, and 200, reporting the best results for each. In addition,
following the common practice, we also present the results of the
PE into the 2-dimensional Poincaré disk and denote it by PE-2. For
consistency across all methods, we also use a distance metric based
on the EMD as the input distance for the competing algorithms.

For quantitative evaluation, we employ k-NN classification for
HSI data [27] using the distance metric prescribed by each method.
Our EMD-HDD uses the proposed distance in Eq. (8). We use cross-
validation with ten repetitions, where the dataset is randomly divided
into 70% training set and 30% testing set. The classification accu-
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Fig. 1. The HSI classification accuracy based on the hyperbolic representation obtained by the tested methods.
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Fig. 2. The HSI classification accuracy based on the hyperbolic representation obtained by the tested methods using Euclidean metric.
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Fig. 3. The HSI classification accuracy using our EMD-HDD com-
pared to EMD alone (without hierarchical distance recovery) and
HDD alone (based solely on Euclidean distance without considering
feature relations).

racy obtained from these experiments is presented in Fig. 1. The re-
sults demonstrate that EMD-HDD consistently outperforms all base-
line methods by a significant margin across all tested datasets. This
performance advantage indicates that EMD-HDD effectively cap-
tures the underlying tree-like hierarchical structure underlying HSI
data, leading to superior classification accuracy.

To investigate the role of the EMD between the pixels, which
incorporates information on the mutual relations between the spec-
tral bands, we repeat the previous HSI classification but use the Eu-
clidean distance between the pixels (without taking into account the
spectral bands mutual relationships) instead of the EMD. This Eu-
clidean distance serves as the input metric for the competing algo-
rithms. The classification tasks are performed following the same
procedure as in Fig. 1. The classification accuracy results using the
Euclidean distance are presented in Fig. 2. The results indicate that
while HDD [14] outperforms existing hierarchical distance recovery
methods when using Euclidean distance, our EMD-HDD in Alg. 1,
as shown in Fig.1, achieves significantly better performance than all
competing methods evaluated in Fig. 2. This result indicates the crit-

icality of the mutual relationships between the spectral bands for the
accurate recovery of the hierarchical structures underlying HSI data.

We further conduct an ablation study to assess the effectiveness
of our method’s components. In addition to exploring the impact of
EMD, we examine the role of the hierarchical representation method
in EMD-HDD. Specifically, we perform the HSI classification task
directly using the EMD without utilizing it for hierarchical distance
recovery. The HSI classification is performed in the same way as in
Fig. 1 and Fig. 2. The classification accuracy results obtained by us-
ing solely the EMD distance are presented in Fig. 3. We observe that
EMD-HDD outperforms both the sole use of EMD and HDD, in-
dicating that, indeed, the use of the EMD accounting for the feature
relationship and the hyperbolic representation based on diffusion op-
erator with the EMD has a critical contribution to the extraction of
the hierarchical structure.

5. CONCLUSIONS

In this paper, we introduced EMD-HDD, a new method that inte-
grates feature relationships to recover hierarchical distances in data
where the structure is not explicitly known. We build a diffusion op-
erator based on EMD, which integrates the feature information into
an informative distance between samples. This diffusion operator
provably encodes the underlying sample structure. We then exploit
this diffusion operator to construct a product manifold of hyperbolic
spaces, which is specifically designed to reveal the latent hierarchi-
cal structure. In addition, we showed that the obtained embedding
provably recovers hidden tree-like structures. We apply our method
to HSI classification tasks. The empirical results demonstrate the ef-
fectiveness of our method, where it consistently outperforms exist-
ing baselines by a large margin. Our findings support the existence
of a hierarchical structure underlying the pixels in HSI that critically
depends on the mutual relationships between the spectral bands. In
future work, we plan to extend the method by adding regularization
to the EMD, e.g., entropy [33], which has improved efficiency and
robustness for noisy data.
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