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Abstract—In this paper, we introduce a novel self-calibrating
integrate-and-fire time encoding machine (S-IF-TEM) that en-
ables simultaneous parameter estimation and signal reconstruc-
tion during sampling, thereby effectively mitigating mismatch
effects. The proposed framework is developed over a new
practical IF-TEM (P-IF-TEM) setting, which extends classical
models by incorporating device mismatches and imperfections
that can otherwise lead to significant reconstruction errors. Un-
like existing IF-TEM settings, P-IF-TEM accounts for scenarios
where (i) system parameters are inaccurately known and may
vary over time, (ii) the integrator discharge time after firings can
vary, and (iii) the sampler may operate in its nonlinear region
under large input dynamic ranges. For this practical model, we
derive sampling rate bounds and reconstruction conditions that
ensure perfect recovery. Analytical results establish the conditions
for perfect reconstruction under self-calibration, and evalua-
tion studies demonstrate substantial improvements—exceeding
59dB—highlighting the effectiveness of the proposed approach.

I. INTRODUCTION

Sampling is a cornerstone of signal processing, enabling
continuous-time signals to be represented in discrete form and
thereby processed digitally [1], [2]. The classical paradigm
is the Shannon-Nyquist sampling theorem, which guarantees
perfect recovery of bandlimited signals from uniformly spaced
samples taken above twice the signal’s bandwidth [3]. While
this theory underlies most modern data converters, its reliance
on a global clock and uniform sampling grid often limits
efficiency in power- or bandwidth-constrained applications.

Time-encoding machines (TEMs), and in particular
integrate-and-fire TEMs (IF-TEMs), provide an alternative
framework for analog-to-digital conversion (ADC). Instead of
recording signal amplitudes at predetermined instants, an IF-
TEM encodes information into the timing of events, thereby
eliminating the need for a global sampling clock [4]-[19]. As
illustrated in Fig 1, the basic operation involves biasing the
input signal to ensure positivity, integrating the result, and
triggering a firing whenever a fixed threshold is reached. Each
firing instant is recorded, and the sequence of event times
constitutes the digital representation of the signal [5], [20].

Theoretical advances have established that IF-TEMs can
sample and reconstruct bandlimited signals under suitable
conditions [6], [17], [19]-[23]. In particular, the firing rate is
bounded above and below, with the bounds determined by both
signal amplitude and system parameters. For perfect recovery,
the lower bound on the firing rate must exceed the Nyquist rate
of the signal, which often leads to unavoidable oversampling
in practice. The issue of oversampling could be addressed by
adaptively changing the bias term [24], [25].

A further challenge and a largely unaddressed practical
issue is the drift or variation in IF-TEM parameters—such
as integration constant [26], [27]. The drift is due to device
mismatches, temperature fluctuations, or long-term variations
in the analog circuitry. Such changes directly affect the firing
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Fig. 1: IF-TEM design in solid lines under the existing model with
known fixed K, = Kn=0, & = 1 and A%is = Aﬁiio [20], and the
self-calibrating design, S-IF-TEM in solid with dashed lines under
practical model P-IF-TEM with unknown varying £, &n, and A%,

dynamics and, consequently, the fidelity of reconstruction [27].
This motivates the development of self-calibrating IF-TEMs
[26], where the system continuously adapts or corrects its
parameters to ensure robust and accurate signal encoding.

Such calibration challenges are not unique to IF-TEMs
[28]-[31]. In conventional ADCs, mismatch, offset, and gain
errors are well-known issues that are routinely handled through
self-calibration techniques [32]-[34], and more recent inno-
vations such as bi-linear homogeneity enforced calibration
[35], and self-calibrating comparators in SAR ADCs [36].
In the neuromorphic domain, hardware systems also contend
with drift and variability—recent work, for instance, uses non-
linear current scaling to compensate for drift in phase-change
memory elements within spiking neural networks [37].

In this paper, we introduce a new practical integrate-and-
fire time encoding machine (P-IF-TEM) that extends classical
system models by explicitly accounting for device mismatches
and imperfections that can cause significant reconstruction
errors. Unlike the existing IF-TEM model [20], P-IF-TEM
considers scenarios where (i) system parameters may be
inaccurately known and vary over time (cf. x,, in Fig 1), (ii)
the integrator discharge time after firings can vary (cf. A in
Fig 1), and (iii) the sampler may operate in its nonlinear region
when subject to large input dynamic ranges (cf. &, in Fig 1 and
Sec. II for details). Under these practical mismatches, we first
establish bounds on the sampling rate and derive conditions
that guarantee perfect reconstruction. Building on this analysis,
we propose a novel self-calibrating framework as illustrated
in Fig 1 with solid and dashed lines, termed self-calibrating
or S-IF-TEM, which operates directly within the practical
setting. S-IF-TEM enables simultaneous parameter estimation
and signal reconstruction during the sampling process, thereby
mitigating the effects of unknown parameters and mismatches
(see Sec. III-A). We provide analytical results demonstrating
the feasibility of perfect reconstruction in P-IF-TEM under
the proposed self-calibration approach (cf. Sec. III-B). Specif-
ically, in the proposed self-calibration process, we suggest
injecting twice a reference signal v(t) to estimate the unknown
parameters and mismatches by selecting the threshold §¢4%
and the injected reference signals V;, that meet the analytical
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requirements for the maximum possible non-sampling input
signal period during the estimation stage. Finally, we provide
an evaluation study that validates the significant improvements
(in Sec. IV). For instance, over 50 synthetic signals tested,
the reconstructed signal from the proposed method and input
signal differ by an average and maximum normalized mean
square error (NMSE) of at most —86.52 dB and —83.45 dB,
respectively, while the existing IF-TEM approach differs by
an average and maximum NMSE of at most —23.77 dB and
—18.49 dB, respectively.

II. PROBLEM FORMULATION

Consider a class of finite-energy bandlimited signals B,,,, £
such that, for any x( ) € BwM g, the Fourier transform of
z(t), given as X (w) = [x(t)e!dt, vanishes outside the
interval [—wps,w M] The energy of the signal is bounded as
J lz(t)||*’dt < E. Furthermore, the signals in B,,, p are
bounded as |z(t)] < ¢ = y/Fwy/m [38]. Note that any
x(t) € By, ,E can be perfectly reconstructed from its uniform
samples {z(nT%)} [3], [39], provided that Ty < 7/wpy. In this
work, we consider sampling a signal in B,,,,  using non-ideal
IF-TEM methods [5], [21].
In an ideal IF-TEM, the signal to be sampled, z(t) € B.,,.5
with |x(t)] < ¢, is first biased to form a non-negative signal
z(t) + b, where b > c. The resulting signal is then integrated
to have L [(z(t) + b)dt where £ > 0 is the integration
time constant The time or firing instant is recorded when
the integrator’s output reaches a threshold 4, after which the
integrator is reset. This mechanism yields a series of time
encodings - -+ < t,_1 < t, < tpy1 < ---, which are related
to the signal as
1 [+
7/ ((t) + b) dt = 0.
t

R

n

The signal x(t) can be recovered from the time encodings by
an iterative algorithm if T}, = t,,41 — t,, < 7/wpr, Vn [5].

In practical IF-TEM implementation, P-IF-TEM, the param-
eter x may not be known accurately and may vary over time.
Further, the integrator is not reset immediately after the firing
and may operate in its non-linear region due to a large input
dynamic range. To model these variations and non-linearities,
we assume that the parameters may change after each firing
t,, as discussed in the following.

1) The integration time-constant variation is captured as x,, =
Keale + K", Where Keqlc 15 the time-constant calculated from
the resistor and capacitor used in the integrator and " is
the error on the time constant [30], [31].

2) The integrator resets after ¢, + AdS where A is the
discharge time of the capacitor after the firing event [30], [31].
3) The non-linearity in the integration is difficult to model.
Here, we capture it by an unknown function &(¢) multiplied
by the integrand during the integration [26], [40].

In P-IF-TEM, the time encodings are related to x(t) as

L™ ) +b) di=s ()

kn tn—1 +A?Lis

The operating point of the integrator (linear or non-linear
region) depends on the dynamic range of the input z(t) + b.
To capture this aspect in our model, we rewrite (1) as

tnt1

Tn

(z(t) +b) dt
Kn tn+A2i5

1 tnt1

= — (x(t) +0b) dt =94, (2)
to+Adis

where v, is an averaging constant factor resulting from
£(t),t € [tn+AdS ¢,,4],and 0y, = K, /v, denotes the overall
integration period scaling factor that include the mismatches.
The objective of this work is to determine the unknown
parameters A% and o, at regular intervals of time and correct
the values to increase the reconstruction accuracy of the signal
from the resulting time encodings. To this end, we assume
that the parameters do not change significantly over a fixed
and known time period, or in this context, over [ consecutive
firing instants. With these assumptions, next, we discuss the

proposed self-calibration approach.

III. PROPOSED SELF-CALIBRATION APPROACH AND
RECONSTRUCTION GUARANTEES

Here, we discuss the proposed S-IF-TEM approach, fol-
lowed by the guarantees for perfect reconstruction of the signal
from the time encodings of P-IF-TEM and S-IF-TEM.

A. Unknown Parameter Estimation Through Self-Calibration

To calibrate the P-IF-TEM by estimating o, and A,
we intermittently change the input of the TEM from the
true signal x(¢) to a calibrating signal v(¢) as shown in
Fig. 1. By using the injected signal v(t), we provide herein an
approach to estimate o, and A, Since the signal’s z(t) is not
measured during the calibration phase, it has to be measured
above the minimum requirements during the non-calibration
phase for perfect reconstruction, as elaborated in the following
subsection.

For the calibration, we assume that the parameters do not
change significantly over the interval [t,,, t,,+i+1], and we have

~ dis  Adi
On =~ On+tk+1 and Anls ~ Anlj-k-i-l‘ (3)

To estimate these parameters within these intervals, a calibra-
tion voltage v(t) is injected twice at firing instants ¢,, and ¢,y .,
where k € {1,---,1}. Specifically, the input to S-IF-TEM is
switched from z(t) to v(t) soon after triggers t,, and ¢,, 15 such
that v(t,,) = V,, and v(tp4x) = Viyr = aV,, where o # 1.
Note that the voltages could be injected after any two firings
in the interval considered. During the calibration period, the
threshold of the comparator is switched from § to ¢** and
6clt (cf. Remark 1 for more details) as shown in Fig 1. The
s1gna1 and threshold would be shifted back to z(t) and §,
respectively, soon after the subsequent firings ¢, and ¢} .
These two firings are a result of the reference voltages V,, and
V+k. respectively, which are highlighted by the superscript
v. By using (2) with the assumption in (3), for any fixed n in
the self-calibration period proposed, the firing intervals

=tk “4)

depicted in Fig 2, are related to the reference voltages and the
calibrating thresholds in the sampled stages for estimation as

T, =t, —ty and T , =1,

5,3“1 i 6cal1

v o n dl§
v = S g+ AdE. (5)

di
n = Vo + AR, and, T =
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Fig. 2: Close-up view of a T, sampling interval illustrating the

injection of the reference signal v(t) during T.%, where X, £ “S/C:b,

These are two linear equations with unknowns o, and Agis,
and with the rest of the terms known. In the proposed method
for self-calibration, the equations are solved to estimate the
unknown parameters, and the estimates are given as &,
and A%S, In turn, the parameters are used to calibrate the
measurements during signal reconstruction [5], [20] for the
time interval [t,,, tp4141]-

A few remarks are in order. During the intervals in (4),
the signal was not measured in addition to the discharge
time Ad. In [20], the author showed that the signal can be
reconstructed from the firings even in the presence of a known
constant discharge time, provided that the firing rate is higher
than the conventional IF-TEM. We generalize the concept by
considering a non-sampling time interval 7.° after the firing
at t,, where the signals are measured during the intervals
[tn + T2% t,41]. Hence, in S-IF-TEM, we have that
TIIS — {A?LIS7

for the non-calibration phases,

" Adls TV 4p» for the calibration phases,

(6)

where T, ,, p € {0,k}. The AJ* in the calibration part is
due to the ¢;, ., firings during the calibration phase (cf. Fig. 2).

As we show in the following section, 7.° should be bounded
to ensure perfect reconstruction, which in turn requires bound-
ing T}) and TV, . This will be guaranteed with the appropriate
choice of 65* and §¢%/% . as discussed in the next section,
specifically, in Remark 1.

B. Theoretical Guarantees for Perfect Reconstruction with
Practical Approach and Self-Calibration

In this section, we present the theoretical results for P-
IF-TEM and S-IF-TEM with the scaling factors o, and
the discharge periods A%, To derive the guarantees, we
consider the following bounds: Adis € [Adisinf Adissup]
Fp € [Kinf7 Ksup}’ Vo € [,}/inf7 ,ysup]7 and op € [O.inf, O.Sup}’
where o = gI0f /759P and gSUP = k5P /40 These limits
on the parameter variations could be determined from the spec-
ifications of components used in the circuit implementation
and the operating conditions.

First, we consider the results when {o,,, A4} are known
and calibration is not required. These results will set a baseline
for the results that require the injection of the calibration
signal. The following two results show that with {o,,, Adis},
firings are possible and they can be bounded.

Theorem 1 (t-Transform in P-IF-TEM). For signals in B,,,, g,
which are bounded by ¢, a P-IF-TEM produces a strictly

increasing sequence of spike times {t,}ncz that obey the
recursive relation

tnt1 .
P, = / x(s)ds =0, — b(tn+1 —t, — Ai‘s). @)
£t Adis

The t-Transform, as introduced in [20], characterizes how
amplitude information is encoded by spike times. In the P-IF-
TEM setting, the mapping remains valid, with the encoded
information being modulated by the non-ideal integration
dynamics £(t). Further, the bounds in P-IF-TEM on the firing
intervals are given as follows.

Proposition 2 (Inter-Spike Intervals). For signals in B,,,, g
which are bounded by c, the intervals T,, = t,,+1 —t,, resulted
from P-IF-TEM are bounded as Trin < T < Thax, where

oSupP

inf L s
Trin = & [ + Adls,mf’ bfcé + Adlb,bup.

b+c

(®)

The proofs for the previous two results, as well as the
following ones, are presented in [41, Appendix].

In a conventional IF-TEM, where the signal is measured in
all the time intervals, the upper bound on the firing rate should
be less than the Nyquist interval for perfect reconstruction.
On the other hand, in P-IF-TEM, while T,,,x guarantees
sufficiently dense sampling as before, T}, restricts the non-
sampled portion (cf. (6)). Therefore, the feasibility of recon-
struction from the spike times can be reached by accounting
for these bounds together, as discussed next.

Theorem 3 (Recovery Condition for P-IF-TEM). Any signal
in By, g bounded by c can be perfectly recovered from its
P-IF-TEM’s time-encodings (as in (7)) if r +e(1+7r) < 1,

Where, r= ﬂnax/Trlyq: £ = Adls,sup/Tmin’ ﬂlyq = 7T/C“)VL’

and, Tinin and Tyax are as given in (8).

Tmax =

The aforementioned result relies on the known bounds of
{0, A%) and does not consider the calibration process as
discussed in Section III-A. With calibration, the non-sampling
durations are as given in (6) and illustrated in Fig 2, which
may differ from Ad'. Hence, the measurements P,, the spike
interval bounds in (8), and the reconstruction conditions stated
in theorem 3 would change. Specifically, the measurements
and the firing bounds are given as follows

tn+1
pe = / 2(s)ds = 0 6 — b(tn+1 oty — T;;s» )
tn+ T

__ o"P§ ns,su
_|_T s P7

inf .
c _ o™mé ns,inf c
= +T , T P

min b+c max ~

(10)

where the superscript ¢ highlight the calibration. The main
results are summarized in the following theorem.

Theorem 4 (S-IF-TEM Mechanism and Reconstruction).
Consider a S-IF-TEM with a calibration process and non-
sampling intervals bounded as TS € [T Ts5P] Thep
a signal x(t) € By, g, can be reconstructed perfectly from
the firings by using the measurements in (9) if

re+e(l+7r°) <1,

where 1 = Tiax/Toya, €° = /TP [Ti 0, Tayq = /W,

and, TS, and Tg . are as given in (10).

Note that 77 = Adisinf g fixed by the known circuit



parameters, while 775U £ max{T" : r¢ + (1 + r¢) <
1} has design freedom through sampler parameters that apply
when sampling x(t).

Proof. The result follows directly by substituting 777° in place
of A?fs. We evaluate r¢ and ¢ within Theorem 3, thereby
ensuring that the reconstruction conditions remain satisfied.
Moreover, applying 7> to Theorem 1 yields the correspond-
ing adjusted t—transform. O

Remark 1. Within the calibration process of Section III-A,
perfect reconstruction requires the parameter selection as
follows. For a given segment, the calibration voltages V, ,,
p € {0,k}, are selected to remain within the same operating
region as x(t) in order to capture the actual nonlinear effects.
Together with the corresponding thresholds 5%, p € {0, k},
these voltages are selected so that the reconstruction condi-
tions of Theorem 4 are satisfied. Accordingly, in S-IF-TEM, the
calibration parameters are further constrained so that the total
calibration duration, given by T, P + AYS= p € {0, k},
remains strictly below the maximum admissible non-sampling
interval T"°UP, j.e., Tsf;p + Adissup -« Tnssup - ypphere
T;ff;p = gSuwp 65‘?&; (Visp + ) + AdSSUP for p e {0, k}.

Hence, the choice of V,,1p, and 5§‘ﬁ; must satisfy

cali
n+p
Vn+p+b

ms,sup _g A dis,sup
>oup .

Following the restrictions given after Theorem 4, the pro-
posed method, as described in Section III-A, guarantees per-
fect reconstruction. Incorporating the self-calibration intervals
in (4), the measurements and estimations are then used by an
iterative algorithm [5], [20] to reconstruct the signal.

IV. EVALUATION RESULTS
The performance of the S-IF-TEM sampler was evaluated
using synthetic MATLAB signals. The signals were generated
as a finite sum of shifted sinc pulses with random coefficients
¢ and spacing of T),yq = 27 /wyy, given by
z(t) = anl\io Cm sinc(%) .

nyq

We evaluate the signals reconstruction by comparing four
samplers, with P,, and Py defined in (7) and (9), respectively:
o Ideal IF-TEM: P-IF-TEM model with &,, k,,, and Al
known and applied accurately to P,.
o Blind IF-TEM: P-IF-TEM model with «,, and A fixed
at Keae and Agis [20], integrator non-linearity ignored (i.e.,
fixed &, = 1), and P, computed from non-accurate values.
o S-IF-TEM: S-IF-TEM proposed herein preforming calibra-
tion as in Section III, using estimated &,, and T};S in Pf.
e Genie S-IF-TEM: S-IF-TEM model, with calibration as in
Section III, but with true o,, and T.,° applied to P¢, serving
as an upper bound for comparison on the proposed estimator.
In the following results, synthetic signals are bandlimited to
wpyr = 2007 rad/s (equivalently, fiax = 50 Hz) and generated
with M = 12. In all cases, the sampler threshold is fixed
at 6 = 1, while ¢ = max(|x(t)|) is individually determined
to capture the amplitude range of each signal. The bias is
then proportionally assigned to b = 1.3 - ¢. Further, we set
k = 2 for the S-IF-TEM and Genie S-IF-TEM samplers. We
account for variations in &,, k,, and Aiis, treating them as
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Fig. 3: Performance comparison with input signal at 50 Hz.

fixed within each 40 ms interval. Note: the fixed values may
vary both across signals and between corresponding segments.
Specifically, Adls € [2.85 3] us (a 5% variation), and the
gain parameter takes discrete values &, € {0.98, 1, 1.002}
depending on the signal amplitude. The integration time-
constant r,, lies in [x"f, xUP], with x'™f set to ensure a 3%
range. For each signal, x*"P is chosen so that r+€(147r) = 0.8,
enabling suitable NMSE comparison across signals.

Testing with 50 synthetic signals shows that the proposed
S-IF-TEM method and Genie IF-TEM deviate from the orig-
inal input by at most —86.52 dB and —86.48 dB in aver-
age NMSE, and —83.45 dB and —82.92 dB in maximum
NMSE, respectively. The Ideal IF-TEM exhibits slightly better
performance, with deviations up to —86.91 dB on average
and —83.40 dB at worst. This corresponds to an average
performance gap of 1.75 dB and a maximum gap of 4.25 dB
between the proposed method and the Ideal case. This is unlike
the traditional Blind IF-TEM technique, which significantly
deviates from the original input by as much as —18.49 dB on
average and —23.77 dB in the best case.

Fig. 3 presents an example of a single synthetic signal,
particularly with b = 1.48, T"%"P = 26 us, and Kk, €
(0.00229, 0.002361). The plots show: (a) the reconstruction
results for the four IF-TEM samplers compared with the
original signal, (b) the true and estimated Aflis, (c) the true
Ky and the true and estimated o,,, and (d) the true &,.

The results highlight the need for regular calibration of the
IF-TEM to mitigate the time-varying nature of the parameters
and the effectiveness of the proposed S-IF-TEM.

V. CONCLUSIONS

We presented a self-calibrating integrate-and-fire time en-
coding machine, S-IF-TEM, that addresses the limitations of
classical existing IF-TEMs under parameter drift and circuit
non-idealities. By introducing a practical IF-TEM model, P-
IF-TEM, and establishing its theoretical guarantees, we de-
signed a calibration framework that simultaneously estimates
parameters and reconstructs the input signal using reference
injections. Analysis and simulations confirm that the proposed
approach significantly improves reconstruction accuracy, high-



lighting self-calibration as a key enabler for robust and prac-
tical time-based sampling systems.
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APPENDIX

A. Definitions

Definition 1. The P-IF-TEM output is a strictly increasing
sequence of spike times {t, | n = 0,1,...,N} over a
finite observation window W = [to,tn], where to denotes
the sampling start time. The inter-spike intervals are T, =
tn41 — tn and each sample is associated with the interval
te [ty + A ¢,.4].

For perfect reconstruction proofs given in Appendix B, we
assume N — oo. For a fine regime with segments, one can use
the techniques given in [24]. We keep this interesting direction
for future study.

Definition 2. The operator A and its adjoint A* are defined

as
N N

Ax = Z Pn g(t — Gn) s A*ZE = Z a:(@n) Pl[tn+Aﬁi57tn+1]’
n=1 n=1

where P, is as given in (7), g(t) = sin(Qt)/wt is
the sinc function, 0, = %(tn + tny1), and where the
projection operator P is given by P 1y yaas y, , 1(t) =
(g = 1[tn+A;~ILis’t"+1])(t)7 where * denotes convolution and
1, 4adis, ¢, .,] 5 the unit pulse on [t, + Adis ).

B. Proofs of P-IF-TEM Main Results

Proof of Theorem 1. The result follows directly from (2) by
multiplying both sides by o, and separating the integral into
signal and bias components. Hence, we obtain

tnt1 .
/ 2(t) dt + b(tnﬂ by, — Agls) = 0,0
bt Adis
Rearranging, we obtain
tn+t1 .
P, & / z(t)dt = 0,0 — b(th —tn — Ai‘S),
tn"l‘A?Lis
which completes the proof. O

Proof of Proposition 2. For each sample n, and using |z(t)| <
Cmax, the integral in (7) can be bounded as

tnt1

— Cmax (tn+1 —tn — Aiis) < / l'(t) dt

tTI+A%]b
dis
S Cmax (thrl - tn - Anm)-

Substituting the integral from (7), gives

~ Cmax (t”ﬂ —tn— Agis) = g b(tn+1 —tn — Agis)

Tn

S Cmax (tn+1 - tn - Agis)-
Rearranging and isolating 7}, = t,,+1 — t,, yields the bounds

K 0
rYn(b + Cmax)

zjmin £ +A?Lis S Tn
)

< —— + Agis £ Tmax-
’yn(b - cmax)

Now, considering settings where the parameter ranges are
known, as described in in III-B, we obtain

. Hinf k) dis,inf
. = Tean (1 N\ o -
Tmin ~SuP (bJrCmaX) ra -
[SUD § dis,sup A
RIS I

Finally, substituting o™ £ ni“f/fysul’ and oS £

KSUP /Wi“f, we obtain the bounds on Ty,;, and Ty, in (8),
which completes the proof.

O

Proof of Theorem 3. Following the same techniques in [20,
Proposition 1], we generalize the reconstruction condition for
P-IF-TEM. Let A and its adjoint .A* be as defined in Defini-
tion 2, under the sampling framework specified in Definition 1.
The squared windowed L2-norm is defined as

tend
1713 & / ()2 du,

with W = [tg,ty] in our settings, corresponding to N
samples. The signal x(t) can be iteratively reconstructed via
the Neumann series of A if the following condition holds,
I —Alw < 1.

We apply the adjoint operator A* to  and bound

Hx — A%z

’W:

N
X — Z .’L‘(@n) 7) 1[tn+A§llisytn+l)
n=1 w

N
<||z— Z S(:(en) 1[tn+AgriS,tn+1)
n=1 w
N
= Z(l‘ - CC(en)) 1[t7,,,tn+1)
n=1
N
+ ) 2(0n) L, 1+ a0
n=1 w
N
< Z(x —2(00)) L, 1)
n=1

w

+

N
> w(0n) Lty rragi)
n=1 w

From the decomposition above, the first term can be bounded

as
N

Z(m - 1’(971)) 1[tmtn+1)

n=1

< rllllw,

w
while the second term satisfies
N

D w(0n) Lt 1,000

n=1

<e¢

N
Z z(97l) 1[tn; tn+1)
n=1

w w

Now, noting that

N
Z x(an) 1[tn, tni1)
n=1

w

N
T — Z(IE - x(en)) 1[tn,tn+1)
n=1

w



N
S ”x”W + Z(Q’J - x(@n)) l[tn,tn+1)
n=1 w
<@ +7) flzflw.

Therefore, A satisfies
|z — Azl < rllzllw + (1 +7) [lz]w,
such that a sufficient condition for reconstruction is given by

r+e(l4+r) < 1.
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